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1
P H O T O S Y N T H E S I S I R R A D I A N C E F U N C T I O N S

1.1 basic quantities

Consider a plane parallel ocean with light impinging directly overhead.
Take into account the fate of photons in this ocean: some get scattered,
some absorbed. Portion of the photons that get absorbed by phytoplank-
ton pigments are used to drive photosynthesis. It is the fate of these
photons we are interested in. To be more precise, our goal is to formulate
a mathematical relation between the photons that find themselves below
the sea surface at any time, the so called available light, and the rate of
photosynthesis in the water column. Complementary to the available
light, the rate of photosynthesis will undoubtedly be set by the sheer
number of phytoplankton present in the water column.

Before we can even begin to quantify the rate of photosynthesis we
need a measure of available light. For this we take irradiance I (W m−2),
defined as light energy that in unit time passes through a unit surface
[21], for now omitting the wavelength dependence. In our case this
corresponds to the total energy per unit surface carried by the photons
that pass a horizontal plane in our simple plane parallel ocean. Since
the ocean water scatters and absorbs photons, light gets attenuated with
depth and becomes a function of depth. Therefore, at any given depth z
(m) we can state the following:

I = I(z). (1.1)

In order to actually calculate I(z) we need a light penetration model. For
now, we assume I(z) as given.

9



10 photosynthesis irradiance functions

Knowing the underwater light filed, albeit in a rather simple form,
makes our second step possible: relating light and the rate of photosyn-
thesis. Prior to that we need to be more precise as to what is meant by the
rate of photosynthesis. We define primary production P (mg C m−3 h−1)
as the rate of inorganic carbon assimilation by phytoplankton in photo-
synthesis [30].

Having defined irradiance and primary production we are now in a
position to formulate a relation between the two. We state this in the
following form:

P = P(I). (1.2)

Considering that irradiance is a function of depth (1.1), production is also
a function of depth:

P(z) = P(I(z)). (1.3)

This relation implicitly holds information about the physiology and the
number of phytoplankton in the water column at any time. In order to
model primary production we would like to have the physiological status
and the concentration of phytoplankton decoupled and stated explicitly.
In other words, the relation we have just stated is diagnostic, whereas we
would like to have a prognostic relation.

With this goal we take Chlorophyll a concentration as a measure of
phytoplankton biomass B (mg Chl m−3). This further enables us to elimi-
nate the effect of biomass variability from (1.2) by defining normalized
production PB (mg C (mg Chl)−1 h−1) as:

PB =
P
B

. (1.4)

We now acknowledge that normalized production is a function of irra-
diance, dictated by the physiological status of the phytoplankton and
write:

PB = pB(I). (1.5)

The simplest of such photosynthesis light relations would be a linear one:

pB(I) = αB I, (1.6)
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I

BP Ba I

Figure 1: A linear photosynthesis irradiance function relating normalized production
PB to irradiance I. The coefficient of proportionality is the initial slope αB.

as shown in Figure 1 [4]. The coefficient of proportionality in this relation
is called the initial slope (mg C (mg Chl)−1 (W m−2)−1 h−1) and is the
first physiological parameter in our model. Also, the function just pre-
sented (1.6) is our first example of a photosynthesis irradiance function
(typically written with a lower case pB to differentiate it from PB).

Knowing a photosynthesis irradiance function and taking into account
(1.4) we can now state our simple production model as:

P(z) = αB I(z)B(z), (1.7)

where we have assumed that biomass and irradiance are depth depen-
dent, whereas the initial slope is constant. We have therefore implicitly
assumed a physiologically uniform population with vertically variable
concentration. On the left hand side we have instantaneous production,
whereas on the right hand side we have biomass as a state variable, initial
slope as a parameter and irradiance as an argument of the photosynthesis
irradiance function.
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1.2 beyond linearity

In the ocean a linear production light relation seldom holds for naturally
occurring phytoplankton populations, as they are typically exposed to
irradiance levels well beyond the range in which photosynthesis responds
linearly to an increase in irradiance. At low irradiance a change in
irradiance causes a linear response in production, which can be stated as:

dPB

dI
= αB, (1.8)

and is in fact a differential form of expression (1.6). Following [6], a
more realistic assumption would be to treat the rate of change in PB with
respect to I as a power series in PB, stated mathematically as:

dPB

dI
= a0 + a1PB + a2(PB)2 + ..., (1.9)

where ai (i = 1, 2, ...) are the coefficients to be determined. In this manner
the linear photosynthesis irradiance function (1.6) is the solution to the
previous equation with only the first parameter a0 detained, such that
(1.9) reduces to (1.8), making a0 = αB.

A logical step forward would be to take into account the next factor in
the power series, so that we have:

dPB

dI
= αB + a1PB, (1.10)

now with a1 to be determined. This would allow the pB(I) function to
have curvature (Figure 2), since the second derivative would not equal
zero for a1 ̸= 0.

To derive the exact solution to equation (1.10) we make use of an
observational fact that production saturates at high irradiance, which
mathematically translates to:

lim
I→∞

pB(I) = PB
m, (1.11)

and here we encounter a second physiological parameter called the
assimilation number PB

m (mg C (mg Chl)−1 h−1) [30, 3]. In our current
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Figure 2: Curvature in the photosynthesis irradiance function exhibited with increasing
irradiance.

context this condition translates to a boundary condition for equation
(1.10) of the following form:

lim
I→∞

dPB

dI
= 0. (1.12)

Using the previous two facts in equation (1.10) gives:

a1 = − αB

PB
m

, (1.13)

turning (1.10) into:
dPB

dI
= αB

(
1 − PB

PB
m

)
. (1.14)

Therefore, at low PB, which occurs at low I, the response of production
to a change in irradiance is highest and equals αB. With an increase in
PB, which occurs at higher irradiance, the response declines, manifested
mathematically by the decrease in dPB/dI (Figure 2).
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Having derived equation (1.14) we now wish to solve it to obtain
another photosynthesis irradiance function as its solution. By separation
of variables and integration we obtain:

− ln (PB
m − PB) =

αB

PB
m

I + C, (1.15)

where C is a constant of integration. Acknowledging that production
ceases with no light, such that PB = 0 at I = 0, we get:

C = − ln (PB
m), (1.16)

transforming (1.15) into:

ln
(

PB
m − PB

PB
m

)
= − αB

PB
m

I. (1.17)

After a little algebra and reintroducing the notation PB = pB(I), yields:

pB(I) = PB
m

(
1 − exp

(
−αB I

/
PB

m

))
. (1.18)

and we recognize this as the exponential photosynthesis irradiance
function [44, 31].

The presented procedure can be extended still further [6]. For example,
retaining the third term in the power series (1.9) the hyperbolic tangent
photosynthesis irradiance function can be obtained:

pB(I) = PB
m tanh

(
αB I
/

PB
m

)
. (1.19)

These are but a few examples of a number of photosynthesis irradiance
functions in the literature. Commonly used functions can be traced
back to the following papers [4, 1, 41, 19, 31]. Extensive reviews on
photosynthesis irradiance functions can for example be found in [19, 30,
13, 20]. In the literature the photosynthesis irradiance functions are also
referred to as the light saturation functions, or simply as P − I curves. All
functions share some common properties which we now state explicitly.
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1.3 properties

The shape of the photosynthesis irradiance function expresses biophysi-
cal, biochemical and metabolic processes which regulate photosynthesis
[9, 10]. Fortunately, just two parameters uniquely determine the photo-
synthesis irradiance function: the initial slope αB and the assimilation
number PB

m [30, 3]. The initial slope is also referred to as photosynthetic
efficiency and the assimilation number as the photosynthetic capacity
[26]. Both parameters are referred to as the photosynthesis parameters.

Without explicitly stating the parameter values, the photosynthesis
irradiance function can be written as a function of irradiance, in the
following form [32]:

pB (I) = pB
(

I | αB, PB
m

)
, (1.20)

highlighting the role photosynthesis parameters have. Having defining
the photosynthesis irradiance function with two parameters, αB and PB

m,
a whole family of photosynthesis irradiance functions is set. It is worth
noting that the parameters are strictly positive.

The photosynthesis irradiance function itself is also positive and de-
fined only for positive values of irradiance I ≥ 0 [30]:

pB(I) > 0. (1.21)

For low irradiance normalized production is a linear function of irradi-
ance with a coefficient of proportionality given by αB, and we write:

lim
I→0

pB(I) = αB I. (1.22)

With increasing irradiance the slope of the curve drops. Finally, at high
enough irradiance the slope flattens, and we have:

lim
I→∞

pB(I) = PB
m. (1.23)

In that case light saturation takes place and normalized production stops
being dependent on irradiance (Figure 3).
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BP
BPm
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Ba I

Figure 3: A typical photosynthesis irradiance function: at low light production is pro-
portional to irradiance, as irradiance increases the response becomes nonlinear
and finally for high irradiance production saturates.

Mathematically, for I > 0, the photosynthesis irradiance function is a
strictly increasing function:

dpB(I)
dI

> 0, (1.24)

with a negative second derivative:

d2 pB(I)
dI2 < 0. (1.25)

The ratio of photosynthesis parameters is called the photoadaptation
parameter:

Ik =
PB

m
αB , (1.26)

which is expressed in the same unit as irradiance, namely W m−2. In the
vicinity of Ik normalized production depends on both parameters: αB

and PB
m. With values of irradiance lower than Ik, αB dominates, while at

values higher than Ik, PB
m dominates.
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1.4 problems

1. Derive the hyperbolic tangent photosynthesis irradiance function
(1.19) by retaining the third term in the power series (1.9) and following
the same procedure as used to derive the exponential photosynthesis
irradiance function (1.18).

2. Below are listed some of the typical photosnthesis irradiance func-
tions, of which some were already given in the text:

pB(I) =
I + PB

m

/
αB −

∣∣∣I − PB
m/αB

∣∣∣
2
/

αB
, (1.27)

pB(I) = PB
m

I

PB
m

/
αB + I

, (1.28)

pB(I) = PB
m

I√
I2 + (PB

m

/
αB)2

, (1.29)

pB(I) = PB
m tanh

(
αB I
/

PB
m

)
, (1.30)

pB(I) = PB
m

(
1 − exp

(
−αB I

/
PB

m

))
. (1.31)

By order of appearance the authors are: [4], [1], [41], [19], and finally [31].
Express all the functions using the following notation for dimensionless
irradiance:

I∗ =
αB I
PB

m
=

I
Ik

. (1.32)

Plot all the functions on the same graph as a function of I∗.
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3. A more general form of the exponential photosynthesis irradiance
function takes into account photoinhibition, a process whereby photosyn-
thesis gets reduced at high irradiance. The mathematical expression for
this function is:

pB(I) = PB
m

(
1 − exp

(
−αB I

/
PB

m

))
exp

(
−βB I/PB

m

)
, (1.33)

where βB is the photoinhibiton parameter. Plot this function for various
values of βB starting from zero (no photoinhibiton) and gradually increas-
ing, whilst observing the change in the shape of the function.

4. Assume that irradiance is a function of time I = I(t), given by:

I(t) = ⟨I⟩+ δI, (1.34)

where ⟨I⟩ is the average irradiance and δI is the perturbation. Make
a numerical model in which the perturbation is taken as a normally
disubstituted random variable with zero mean. Set the standard deviation
of the perturbation arbitrarily. Calculate production by applying (1.18)
with I(t) as the argument. Study the effect of light variability under low
light and under high light, relative to Ik. Compare this result to the one
obtained by using only average irradiance ⟨I⟩.



2
P R I M A RY P R O D U C T I O N P R O F I L E

In the sea, phytoplankton biomass and production typically have a pro-
nounced vertical structure [24]. The structure in biomass is caused by
the combined action of biological and physical processes on time scales
longer than that of a day [14] while the structure of normalized pro-
duction is primarily caused by available light at a given time and the
physiological status of the phytoplankton population [43, 32]. The avail-
able light is determined by the optical properties of the water column and
surface light, which is primarily determined by day of the year, latitude
and cloud cover [21].

Having established the production-light relation in the previous chap-
ter, we now turn our attention to the problem of modelling the vertical
structure of primary production. We have already touched upon this in
the previous section, namely equation (1.7), where all the basic ingre-
dients for solving such a problem were laid out. To model the vertical
profile of production, information on the following is required: biomass
profile, irradiance profile and the photosynthesis irradiance function,
along with the values of photosynthesis parameters. At any given time
production at depth can be easily calculated by simply plugging the
irradiance value at that depth into the photosynthesis irradiance function
and multiplying it by biomass at the given depth. By subsequently inte-
grating over time one can calculate daily production, taking into account
that irradiance is a function of time, as well as depth. We now proceed to
do just that, but first state the problem in a slightly more formal manner.

19



20 primary production profile

2.1 problem formulation

Let the z axis, oriented downward with the origin at the surface, mark
depth and let t mark time, with t = 0 corresponding to the timing of
sunrise. Acknowledging that irradiance has both a depth and a time
dependence:

I = I (z, t) , (2.1)

the same holds for instantaneous normalized production at depth:

PB (z, t) = pB(I (z, t)
)
, (2.2)

measured in (mg C (mg Chl)−1 h−1). For generality, the explicit form of
the photosynthesis irradiance function and the dependence of irradiance
on depth and time will for now remain undefined. To calculate produc-
tion at depth z and time t we multiply (2.2) by biomass B (z, t) and obtain
P(z, t):

P (z, t) = B (z, t) pB(I (z, t)
)
, (2.3)

referred to as the instantaneous production at depth (mg C m−3h−1). To
calculate daily production at depth PT (z) (mg C m−3), previous expres-
sion is integrated over time:

PT (z) =
D∫

0

B (z, t) pB(I (z, t)
)

dt, (2.4)

with D being the time from sunrise till sunset, referred to as daylength.
PT(z) viewed as a function of depth is the daily production profile.

To analytically solve the previous integral we assume that biomass
does not change significantly during the course of one day, allowing it to
come out the integral:

PT (z) = B (z)
D∫

0

pB(I (z, t)
)

dt, (2.5)

which significantly simplifies the problem. In the remainder of this
chapter we will continue considering biomass as time independent:

B(z, t) = B(z). (2.6)
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Figure 4: Sketch of the irradiance profile I(z) (orange) and the daily production profile
PT(z) (blue). The shape of the production profile is determined by the product
of the biomass profile B(z) (not shown) and the pB(I) function.

Subsequently, with biomass out of the integral, the normalized produc-
tion profile

(
mg C(mg Chl)−1) is obtained from (2.5) by dividing with

biomass:

PB
T (z) =

D∫
0

pB(I (z, t)
)

dt, (2.7)

which could have also been obtained by direct integration of (2.2). To
solve the stated integral we need to specify irradiance as a function of
depth and time, pick a photosynthesis irradiance function, and integrate
over daylength. We now proceed to do just that.
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2.2 underwater light field

We begin by first considering a simple model for the irradiance profile.
In the sea, irradiance has a pronounced vertical dependence, which is
determined by the optical properties of seawater and surface radiation.
The surface irradiance is simply given as a boundary condition:

I(0, t) = I0(t). (2.8)

A sine function is assumed for time dependence of surface irradiance:

I (0, t) = Im
0 sin (πt/D) , (2.9)

where Im
0 is noon irradiance [18, 25, 21] (Figure 5). Optical properties

of seawater are described by means of the attenuation coefficient of
downward irradiance which is denoted by K (m−1). It is defined as the
rate of reduction of irradiance in an infinitesimally thin layer of seawater
per unit depth, per unit irradiance: [21]:

K = −1
I

dI
dz

, (2.10)

where the negative sign comes from the orientation of the z axis (Figure 6).
As an optical medium, sea water both scatters and absorbs light, and the
attenuation coefficient is the result of any combination of these two optical
processes. The attenuation coefficient depends, among other things, on
biomass concentration. The simplest and often used dependence of the
attenuation coefficient on biomass reads:

K = Kw + kBB, (2.11)

where Kw is the seawater attenuation coefficient, which represents light
attenuation processes due to scattering and absorption by pure seawater,
particles and dissolved organic matter. The specific attenuation coefficient
of phytoplankton kb represents the processes of light attenuation due
to absorption and scattering caused by phytoplankton [38]. The men-
tioned model is simple because it describes only the vertical structure
of irradiance and reduces all the optical properties of sea water to the
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I0(t)

t

m
0I

D

Figure 5: Idealized surface irradiance given as a sine function (2.9). Sunrise equals t = 0
and sunset t = D. Noon irradiance is given as Im

0 .

attenuation coefficient. More complex models that take into account
the spatial, temporal, angular and spectral dependence of light were
established [39, 8], but for pedagogical reasons for now we restrict to this
model.

In case of an optically inhomogeneous water column K = K(z), vertical
integration of (2.10), along with the boundary condition (2.8), yields:

I(z, t) = I0(t) exp
(
−

z∫
0

K(z′)dz′
)

, (2.12)

where z′ is a dummy variable for integration. According to the solution
(2.12) irradiance at the depth z is determined by the optical properties
of the water column from the surface to that depth and the surface
irradiance I0(t).

In case of an optically homogeneous water column K ̸= K(z), vertical
integration of (2.10), along with the boundary condition (2.8), yields:

I(z, t) = I0(t) exp (−Kz). (2.13)
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K  

I

I - dI

dz

I(z,t)

z 

I(0,t)

Figure 6: Water column forced by surface irradiance I(0, t) and the resulting irradiance
profile I(z, t) (blue curve). A layer of thickness dz attenuates irradiance I by
the amount dI. The attenuation coefficient K is a measure of the reduction in
irradiance per unit depth per unit irradiance.

Although simple, the specified irradiance model is a commonly used
model of the underwater light field when modelling primary production.
The central element of the model is the attenuation coefficient, which
determines the penetration depth of irradiance in the model. Taking into
account the temporal dependence of surface irradiance (2.9), yields the
underwater light field in our model:

I(z, t) = Im
0 sin (πt/D) exp (−Kz). (2.14)

Next step in modelling the daily production profile is to use this expres-
sion in a photosynthesis irradiance function.
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2.3 analytical solution for the daily production profile

By taking the previous expression for irradiance (2.14) as the argument
of the exponential photosynthesis irradiance function (1.18) the defining
integral for daily normalized production (2.7) becomes:

PB
T (z) =

D∫
0

PB
m

[
1 − exp

(
− αB Im

0 sin(πt/D)e−Kz/PB
m

)]
dt. (2.15)

The solution of this integral gives the amount of carbon assimilated at
depth during one day per unit biomass. To solve it we begin by defining
the dimensionless noon irradiance as:

Im
∗ =

αB Im
0

PB
m

=
Im
0
Ik

, (2.16)

which represents the ratio of the photoadaptation parameter to noon
irradiance. It simply tells us how higher noon irradiance is relative to the
photoadaptation parameter. Using (2.16) translates the previous integral
into:

PB
T (z) =

D∫
0

PB
m

[
1 − exp

(
− Im

∗ e−Kz sin(πt/D)
)]

dt. (2.17)

To solve it, the expansion of the exponential function as an infinite sum
is used:

exp x =
∞

∑
n=0

xn

n!
. (2.18)

After inserting this identity into the previous integral we obtain:

PB
T (z) =

D∫
0

PB
m

(
1 −

∞

∑
n=0

(
−Im

∗ e−Kz sin (πt/D)
)n

n!

)
dt, (2.19)

which after some algebra becomes:

PB
T (z) = −PB

m

∞

∑
n=1

(
−Im

∗ e−Kz)n

n!

D∫
0

sinn (πt/D)dt. (2.20)
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Next step is to employ the following substitution:

x =
πt
D

, (2.21)

by which the integral in the previous expression becomes:
D∫

0

sinn(πt/D)dt =
D
π

π∫
0

sinn x dx. (2.22)

Normalized daily production is now:

PB
T (z) = −PB

mD
∞

∑
n=1

(
−Im

∗ e−Kz)n

π · n!

π∫
0

sinn x dx. (2.23)

The obtained integral is solved by recursive application of the following
identity:

π∫
0

sinn x dx =
n − 1

n

π∫
0

sinn−2 x dx. (2.24)

To apply it we first break the previous sum into sums over odd and even
integers, to get:

PB
T (z) = −PB

mD

(
∞

∑
n=1

(
−Im

∗ e−Kz)2n−1

π(2n − 1)!

π∫
0

sin2n−1 x dx

+
∞

∑
n=1

(
−Im

∗ e−Kz)2n

π(2n)!

π∫
0

sin2n x dx

)
.

(2.25)

Going step by step, for n = 1 we have:
π∫

0

sin x dx = 2. (2.26)

For n = 2 we have:
π∫

0

sin2 x dx =
π

2
. (2.27)

Subsequently, for several more values of n we have:
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n=3

π∫
0

sin3 x dx =
2
3
× 2;

n=4

π∫
0

sin4 x dx =
3
4
× π

2
;

n=5

π∫
0

sin5 x dx =
4
5
× 2

3
× 2;

n=6

π∫
0

sin6 x dx =
5
6
× 3

4
× π

2
;

The interested reader can expand this still further, but for the sake of
brevity we stop the explicit statement of these integrals here. For odd
integers (2n − 1) the solution of (2.24) can be expressed as:

π∫
0

sin2n−1 x dx = 2
(2n − 2)!!
(2n − 1)!!

, (2.28)

and for even integers (2n) as:
π∫

0

sin2n x dx = π
(2n − 1)!!
(2n)!!

. (2.29)

Combining these expressions with (2.25) we get:

PB
T (z) = −PB

mD

(
∞

∑
n=1

2
(
−Im

∗ e−Kz)2n−1

π(2n − 1)!
(2n − 2)!!
(2n − 1)!!

+
∞

∑
n=1

(
−Im

∗ e−Kz)2n

(2n)!
(2n − 1)!!
(2n)!!

)
.

(2.30)

Although cumbersome this expression is the exact solution for daily
normalized production. We now proceed to write it in a more compact
and comprehensive manner.
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Putting the minus sing inside the brackets gives:

PB
T (z) = PB

mD

(
∞

∑
n=1

2
(
−Im

∗ e−Kz)2n−1

π(2n − 1)!
(2n − 2)!!
(2n − 1)!!

−
∞

∑
n=1

(
−Im

∗ e−Kz)2n

(2n)!
(2n − 1)!!
(2n)!!

)
.

(2.31)

We observe that the solution consists of a product of the assimilation num-
ber PB

m, daylength D and a relatively complicated expression inside the
brackets. To simplify this expression we define the fz

(
Im
∗ e−Kz) function

as:

fz
(

Im
∗ e−Kz) = ∞

∑
n=1

2
(

Im
∗ e−Kz)2n−1

π (2n − 1)!
(2n − 2)!!
(2n − 1)!!

−
∞

∑
n=1

(
Im
∗ e−Kz)2n

(2n)!
(2n − 1)!!
(2n)!!

,

(2.32)
displayed in Figure 7 [23, 22]. This function is dimensionless and its
argument is the dimensionless noon irradiance Im

∗ multiplied by the e−Kz

term: Im
∗ e−Kz. With the given definition daily normalized production

PB
T (z) now becomes:

PB
T (z) = PB

mD fz
(

Im
∗ e−Kz), (2.33)

At a given depth z, by knowing Im
0 , K, αB and PB

m the value of Im
∗ e−Kz

is calculated. Then the product PB
mD fz(Im

∗ e−Kz) gives the value of daily
normalized production at depth z. To calculate production, we simply
multiply (2.33) by biomass at depth B(z):

PT(z) = B(z)PB
mD fz

(
Im
∗ e−Kz). (2.34)

In summary, we have derived an analytical solution for daily production
at depth and now proceed to explore some of the properties of the
presented solution.
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Figure 7: Dimensionless function fz(Im
∗ e−Kz) from the analytical solution for daily pro-

duction (2.33). By multiplying this function with biomass B(z), the assimilation
number PB

m and daylength D daily production at depth is calculated.

2.4 properties of the production profile

In our model irradiance declines with depth, according to:

dI
dz

= −KI. (2.35)

Taking this into account, let us consider the change with depth of instan-
taneous production:

dpB(I(z))
dz

=
dpB

dI
dI
dz

. (2.36)

The first term is positive, because the photosynthesis irradiance function
is an increasing function of irradiance (1.24), whereas the second term is
negative. Therefore, instantaneous production declines with depth:

dPB

dz
< 0. (2.37)



30 primary production profile
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z 
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T

Figure 8: Decline of normalized daily production with depth (blue). Irradiance I(z, t)
(orange) declines exponentially with depth causing normalized production to
also decline with depth, making the tangent to PB

T (z) (red line) have a negative
slope with respect to depth.

Normalized daily production, being the integral over time of instanta-
neous production, also declines with depth (Figure 8):

dPB
T

dz
< 0, (2.38)

which is easy to show by simply taking the derivative of fz:

d
dz

fz(Im
∗ e−Kz) < 0. (2.39)
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Looking now at daily production we have:

PT(z) = B(z)PB
T (z), (2.40)

the derivative of which with respect to depth reads:

dPT

dz
=

dB
dz

PB
T + B

dPB
T

dz
, (2.41)

which due to (2.38) can be both positive and negative and subsequently
production can acquire a subsurface maximum, in contrast to normalized
production which can not.

The rate of change in daily production with respect to depth is positive
if the rate of increase in biomass with depth, multiplied by normal-
ized production, outpaces the rate of decline in normalized production
multiplied by biomass:

dB
dz

PB
T + B

dPB
T

dz
> 0. (2.42)

By using (2.33) we derive the following condition:

1
B

dB
dz

> − d
dz

fz
(

Im
∗ e−Kz)/ fz

(
Im
∗ e−Kz). (2.43)

Therefore, the relative increase in biomass with depth has to be higher
than the relative decrease in production with depth. Since (2.39) is always
negative the right hand side is positive.

However, it is worth noting that the given conclusions are valid for
vertically uniform photosynthesis parameters, which implies a vertically
uniform phytoplankton population. However, the solution (2.34) also
holds in case of non-uniform photosynthesis parameters αB = αB(z) and
PB

m = PB
m(z), changing the solution (2.34) to:

PT(z) = B(z)PB
m(z)D fz

(
Im
∗ (z)e

−Kz), (2.44)

where now the normalized noon irradiance is also a function of depth
Im
∗ (z) = αB(z)Im

0 /PB
m(z). Knowing how to model the daily production

profile, we now turn our attention to the biomass profile and explore
how its vertical dependence is typically specified in models.



32 primary production profile

2.5 shifted gaussian biomass profile

A prototypical function most often used to describe the biomass profile
in the ocean is the Shifted Gaussian:

B(z) = B0 +
h

σ
√

2π
exp

(
− (z − zm)2

2σ2

)
, (2.45)

where the biomass beneath the Gaussian curve is given by h, the depth of
the maximum is at zm and the width of the biomass peak is determined
by σ. B0 is the background biomass (Figure 9). The height of the peak
biomass at zm is H = h/σ

√
2π.

zm

B(z)

H

h
s

B0

z 

0

Figure 9: Sketch of the shifted Gaussian biomass profile. Integral biomass beneath the
Gaussian curve is given by h (blue shaded region), depth of the maximum by
zm (orange mark) and the width of the biomass peak by σ (green line). B0 is
the background biomass (dark blue line), here equal to the surface biomass.
The height above the background biomass is given by H = h/σ

√
2π (red line).
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The Gaussian function is suitable for describing the vertical structure of
biomass and has been accepted as a standard profile for a long time [32].
It is a simple function that allows the description of the vertical structure
of phytoplankton biomass for different geographical areas and seasons
[29]. It has been used in many models as an initial condition for biomass,
and the forms it describes are often obtained as results of numerical
models [16] and measurements [34]. It is suitable for describing the
structure of the deep chlorophyll maximum, which is an ubiquitous
phenomenon throughout the world’s oceans [7, 2].

With the shifted Gaussian biomass, daily production profile equals:

PT(z) =
[

B0 +
h

σ
√

2π
exp

(
− (z − zm)2

2σ2

)]
PB

mD fz
(

Im
∗ e−Kz), (2.46)

which was obtained by direct application of (2.33) and (2.45) in (2.40). It is
evident that the production profile now consists of the profile associated
with the vertically uniform term in the Gaussian, namely B0 and the
vertically non-uniform term, namely the exponential component, which
is dictated by three parameters: σ, zm and h. Depending on the values of
these parameters the shape of the production profile will change.

The first term will create a declining production profile, due to B0 ̸=
B(z), whereas the second term may create an increasing production
profile. This implies that production may acquire a subsurface maximum
with a shifted Gaussian biomass profile. The depth of the maximum
in biomass need not coincide with the depth of maximum production.
Below the maximum, both terms need to give diminishing production
with increasing depth. At great depth (z → ∞) normalized production
and the shifted Gaussian both go to zero, but the background biomass
B0 does not. However, when multiplied to calculate daily production at
great depth, their product is zero:

lim
z→∞

PT(z) = B0PB
mD fz

(
Im
∗ e−K∞) = 0. (2.47)

Having background biomass constant is an unrealistic assumption for
great depth and is in contradiction with observations. A remedy to this
issue was proposed by [5] in the form of a Sigmoid function, which we
now explore.
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2.6 shifted sigmoid biomass profile

The Shifted Sigmoid function proposed by [5] is of the following form:

B(z) = B0

[
1 − 1

1 + exp
(
− σ(z − zm)

)], (2.48)

where now B0 is not the background biomass, but the surface biomass.
The parameter σ dictates the slope of the biomass profile and zm gives
the mid point depth of the slope (Figure 10).

zm

B(z)
B0

z 

Figure 10: Sketch of the shifted Sigmoid biomass profile. Surface biomass is given by
B0, depth of the mid point by zm (orange mark) and the slope of the biomass
profile is dictated by σ. Total biomass is given by the blue shaded area.
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The total biomass is now given as:

∞∫
0

B(z)dz =
1
σ

ln
(
1 + exp(σzm)

)
, (2.49)

which in the limit of high σ becomes simply:

lim
σ→∞

∞∫
0

B(z)dz = B0zm. (2.50)

With the shifted Sigmoid daily production profile now reads:

PT(z) = B0PB
mD fz

(
Im
∗ e−Kz)[1 − 1

1 + exp
(
− σ(z − zm)

)]. (2.51)

Once again, in the limit of high σ we have

lim
σ→∞

PT(z) = B0PB
mD fz

(
Im
∗ e−Kz), (2.52)

which is valid from the surface up to the mid point depth zm.

2.7 relation to growth models

Phytoplankton growth models are dynamic models that describe the
spatial-temporal distribution of biomass [45]. A typical model of this
type consists of a differential equation that describes the biomass dynam-
ics [15]. Such equations form an integral part of ecological models in
which hydrodynamic equations and equations describing the rest of the
ecosystem are combined [11]. In the phytoplankton growth equation, the
basic term is the light saturation function, which describes the biomass
growth caused by photosynthesis. The solution of the equation gives the
time development of biomass which is related to primary production
[17].
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In order to demonstrate the connection between growth models and
primary production, a simple growth model of the following form will
be considered:

∂

∂t
B(z, t) =

1
χ

PB(z, t)B(z, t), (2.53)

where the normalized production is equal to PB(z, t) = pB (I (z, t)), and
χ is the carbon to chlorophyll ratio [40]. For the purposes of this demon-
stration, χ is constant. The equation simply states that carbon assimilated
in photosynthesis increases biomass. The solution of this equation at
time D (daylength) reads:

B(z, D) = B(z, 0) exp
(

1
χ

PB
T (z)

)
. (2.54)

By writing the exponential function as a sum (2.18), previous expression
becomes:

B(z, D) = B(z, 0) + B(z, 0)

[
1
χ

PB
T (z) +

∞

∑
n=2

1
n!

(
1
χ

PB
T (z)

)n
]

. (2.55)

The terms in this sum have a fairly simple interpretation. Each term
of the sum represents the total synthesized biomass in case the initial
biomass were equal to the previous term:

B(z, 0)
(

1
χ

PB
T (z)

)n

=

[
B(z, 0)

(
1
χ

PB
T (z)

)n−1
]

PB
T (z). (2.56)

Since primary production is the only process by which biomass accumu-
lates in this simple growth model, all terms inside the parentheses in
expression (2.55) correspond to primary production at depth z. Primary
production is a process with a finite energy source that takes place in
the finite dimensions of the water column, and therefore the terms in
the series expansion (2.55) should converge. The exponential function
is convergent over the entire set of real numbers, implying this series
expansion is indeed convergent, which means that terms of higher order
can be ignored in first approximation.
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Keeping only the first term inside the parentheses yields a first-order
approximation of the biomass at time D:

B(z, D) ≈ B(z, 0) +
1
χ

B(z, 0)PB
T (z). (2.57)

This implicitly assumes that the accumulation of biomass is dominantly
caused by initial biomass, and the contribution from the newly synthe-
sized biomass itself is negligible. The second term on the right is the daily
production defined by (2.5), divided by χ. Therefore, the production
profile provides a first approximation of the change in the biomass profile
caused by primary production if biomass growth is allowed in the model.

Apart from the effect on biomass, there is also an effect growth has on
the production profile. According to (2.54), for time-dependent biomass,
the daily production profile is equal to:

PT(z) = χB(z, 0)
[

exp
(

1
χ

PB
T (z)

)
− 1

]
, (2.58)

which is basically the difference between the final and initial biomass,
multiplied by χ. We notice that there is an additional parameter χ in
this expression. How big an influence χ has on the production profile in
the growth model can be easily analysed by expressing the exponential
function in the previous expression as a sum and rearranging:

PT(z) =

[
1 +

∞

∑
n=2

1
n!χn−1

(
PB

T (z)
)n−1

]
B(z, 0)PB

T (z). (2.59)

The influence of χ on the production profile is manifested only as a
second-order factor. The conclusion is that the two models give an
equivalent production profile in first approximation.
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2.8 problems

1. Assume the attenuation of irradiance with depth is described by the
following equation:

dI
dz

= −KI, (2.60)

where K is the diffuse attenuation coefficient for downwelling irradiance
and the z axes is positive downwards. Taking the surface irradiance
just below the sea surface (z = 0) as known I0 derive the solution for
the irradiance profile (2.13). Subsequently use the irradiance profile to
calculate PB(z) first by means of (1.6) and second by means of (1.18). Plot
the two results and their difference.

2. Assume the attenuation of irradiance with depth is again described
by (2.60). Restate this expression as

dI = −KI dz, (2.61)

and use it in (1.14) to derive PB(z). The result should match the one
obtained in the first problem, where the irradiance profile is directly used
in the exponential photosynthesis irradiance function.

3. Use the photosynthesis irradiance functions given in Problem 2 of
Chapter 2 in a numerical model and solve for the daily production profile
for each. The irradiance profile is given by (2.14) in each case. Compare
the results by plotting the numerical solutions as a function of Im

∗ in the
same manner that the analytical solution (2.33) is presented in Figure 7.

4. Build a numerical model in which the effect of biomass on the
attenuation of irradiance with depth is taken into account with (2.11)
such that the irradiance profile is given by (2.12). Calculate the daily
production profile in this case and compare it to the analytical solution
in which K = Kw. Use multiple values for kB to explore its effect on the
shape of the daily production profile.
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5. Employ the shifted Gaussian in calculation of the daily produc-
tion profile by using (2.46). Based on (2.41) state the condition for the
maximum production at depth and derive the condition that is satisfied
at that depth. Express the first derivative with respect to depth of the
daily production profile in case of the shifted Gaussian and following
(2.41) consider under which scenario does the production profile de-
crease/increase with depth. Explore the effect depth zm and width of the
maximum σ have on the shape of the production profile and the depth
of the maximum in daily production.

6. Build a model of the daily production profile using the shifted
Sigmoid (2.48) as the model for the biomass profile. For the normalized
daily production profile use expression (2.33). Explore the effect σ and
zm have on the shape of the biomass profile as well as the production
profile.

7. Build a numerical model that solves equation (2.53). Explore how
the biomass profiles evolves under variable surface irradiance given by
(2.14) and contrast it with the evolution over time under constant surface
irradiance equal to the average daily irradiance Im

0 π/2.





3

WAT E R C O L U M N P R O D U C T I O N

Having described the vertical structure in biomass and production we
are now in a position to calculate the total amount of carbon assimilated
in photosynthesis in the entire water column. This quantity is called wa-
tercolumn production and is of paramount importance in oceanography.
In standard oceanographic practice watecolumn production is quantified
by the amount of carbon assimilated during the day in the photic zone.
Measurements of watercolumn production have been carried out at sea
after the introduction of the radioactive carbon method in 1952 by Stee-
man Nielsen [42]. Since then, the development of mathematical models
of watercolumn production has been of high interest to oceanographers.

In modern times remotely sensed data are merged with state of the
art models to calculate global estimates of marine primary production.
The backbone of all such models is the functional relation between the
rate of carbon assimilation and irradiance: the photosynthesis irradiance
function. While the various models differ in precise detail they all share
the same structure and in this chapter we explore this structure.

We build upon the previous chapter where we have shown how to
calculate daily production at depth. We proceed to extend the model and
demonstrate how to calculate watercolumn production. The canonical
solution for unifrom biomass [36] is presented along with the solution for
mixed layer production. The assumption of uniform biomass is relaxed
and exact solutions for watercolumn production with a shifted Gaussian
biomass and a general solution for arbitrary biomass are derived.

41
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3.1 problem formulation

We start by defining watercolumn production PZ,T (mg C m−2) as the
amount of carbon assimilated in photosynthesis in the water column
during one day per square meter [36, 21]. In the notation of the model
developed thus far we have:

PZ,T =

∞∫
0

D∫
0

P(z, t)dt dz. (3.1)

The notation PZ,T is also used when the upper limit over depth is not
infinity. By expressing instantaneous production using (2.3) we have:

PZ,T =

∞∫
0

D∫
0

B (z, t) pB( I (z, t)
)

dt dz. (3.2)

Further assuming time independent biomass and grouping the terms
based on the definition of the normalized production profile (2.5) we
have:

PZ,T =

∞∫
0

B (z)

( D∫
0

pB( I (z, t)
)

dt

)
dz. (3.3)

where the term inside the brackets is recognized as PB
T (z). Thus formu-

lated, watercolumn production equals the vertical integral of the daily
production profile PT(z) (Figure 11), that is, the vertical integral of the
product between biomass B(z) and normalized production PB

T (z) profiles:

PZ,T =

∞∫
0

B(z)PB
T (z)dz =

∞∫
0

PT(z)dz. (3.4)

Here we observe the importance of the production profile as it the central
element in the calculation of watercolumn production.

Integration of P(z, t) can also be done vertically first and then over
time, a procedure that will shortly be used to find an analytical solution
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Figure 11: Sketch of watercolumn production PZ,T (light blue area) as the vertical
integral of the daily production profile PT(z) (thick blue curve).

for watercolumn production. In this case, the vertical integral of P(z, t) is
the instantaneous watercolumn production PZ,T (mg C m−2 h−1):

PZ(t) =
∞∫

0

B (z, t) pB( I (z, t)
)

dz. (3.5)

With this definition, watercolumn production becomes an integral over
daylength of instantaneous watercolumn production:

PZ,T =

D∫
0

PZ(t)dt. (3.6)

The obtained expression is equal to (3.3). Having laid out the basic
definitions, we now proceed to solve for PZ,T analytically, following [36].



44 watercolumn production

3.2 analytical solution for watercolumn production

Thus far, using the exponential photosynthesis irradiance function (1.18)
and exponentially declining sinusoidal irradiance (2.13), yielded the daily
normalized production profile (2.15), which we now multiply by biomass
B(z) to obtain:

PZ,T =

∞∫
0

D∫
0

B(z)PB
m

[
1 − exp

(
− αB Im

0 sin(πt/D)e−Kz/PB
m

)]
dt dz, (3.7)

as the integral that needs to be solved to get watercolumn production.
We begin with the simplest case, by first assuming uniform biomass:

B(z) = B, (3.8)

and subsequently change the order of integration, in line with the inter-
pretation provided in (3.6). Now we have:

PZ,T = BPB
m

D∫
0

∞∫
0

(
1 − exp

(
−αB Im

0 sin(πt/D)e−Kz/PB
m

) )
dz dt, (3.9)

where we have extracted B and PB
m outside the integrals, both being

independent of depth and time. With a change of variables:

x = Im
∗ sin(πt/D)e−Kz, (3.10)

the vertical integral in the expression (3.9) becomes a table integral and
its solution reads:
∞∫

0

[
1− exp

(
− Im

∗ sin(πt/D)e−Kz
)]

dz =
1
K

∞

∑
n=1

(−1)n+1

n · n!

(
Im
∗ sin (πt/D)

)n
.

(3.11)
The obtained expression multiplied by BPB

m gives the instantaneous wa-
tercolumn production PZ(t):

PZ(t) =
BPB

m
K

∞

∑
n=1

(−1)n+1

n · n!

(
Im
∗ sin (πt/D)

)n
. (3.12)
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By inserting (3.11) into (3.9) we get:

PZ,T =

D∫
0

BPB
m

K

∞

∑
n=1

(−1)n+1

n · n!

(
Im
∗ sin (πt/D)

)n
dt. (3.13)

Here we recognize the same integral as in (2.23) which is again solved by
the application of the recursive relation (2.24), yielding:

PZ,T =
BPB

mD
K

[
∞

∑
n=1

2 (Im
∗ )

2n−1

π (2n − 1) (2n − 1)!
(2n − 2)!!
(2n − 1)!!

−
∞

∑
n=1

(Im
∗ )

2n

2n (2n)!
(2n − 1)!!
(2n)!!

]
.

(3.14)

The presented solution is the analytical solution for daily watercolumn
production. For unit biomass it is also a solution for normalized produc-
tion. The expression in parentheses in (3.14) depends only on Im

∗ and
can be denoted as a function f (Im

∗ ), similar to (2.31), in order to make
the solution less cumbersome. With this notation, previous expression
becomes simply:

PZ,T =
BPB

mD
K

f (Im
∗ ). (3.15)

Graph of f (Im
∗ ) is given in Figure 12. It is clear from the given solution

that daily watercolumn production has a linear dependence on biomass
B and daylength D. Nonlinear dependencies arise with respect to pho-
tosynthesis parameters αB and PB

m, and irradiance Im
0 . It is necessary to

emphasize the inverse proportionality of watercolumn production and
the attenuation coefficient K.

Since it was published, solution [36] has seen many applications: in
the study of the interaction of mixing depth and primary production [37],
in the context of Sverdrup’s critical depth theory [27], in the assessment
of primary production via satellites [33], as elements of climate models
[33] and for explaining the dynamics of high nutrient - low chrollophyll
zones [28, 35].
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Figure 12: Dimensionless function f (Im
∗ ) from the analytical solution for daily watercol-

umn production (3.15) with uniform biomass.

The assumption of an infinitely deep water column is obviously not
met in the ocean. However, due to a decline in irradiance with depth, and
subsequently production, the contribution of production at any given
depth to watercolumn production declines with depth. Due to this,
keeping infinity as the limit in the vertical integration for the open ocean
is a reasonable assumption and does not lead to grave error, provided
the ocean is well mixed.

Typically, the upper ocean layer is well mixed and uniform in prop-
erties, therefore the assumption of uniform biomass holds. This layer
is historically referred to as the mixed layer [12]. Below the mixed
layer biomass tends to be stratified, therefore the assumption of uniform
biomass breaks down. We now proceed to demonstrate how to calculate
mixed layer production and subsequently watercolumn production with
a shifted Gaussian biomass profile.
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3.3 mixed layer production

Consider a layer in which active mixing takes place extending from the
surface up to depth Zm (Figure 13), referred to as the mixed layer depth.
Production taking place in this layer is referred to as the mixed layer
production (mg C m−2), stated mathematically as:

PZm,T =

Zm∫
0

D∫
0

P(z, t)dt dz. (3.16)

z 

0

Zm

P  Zm,T

P (z)T

Figure 13: Sketch of mixed layer production PZm ,T (light blue area) as the vertical integral
of the daily production profile PT(z) (thick blue curve) from the surface z = 0
to the mixed layer depth Zm (red line).
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Following (3.7) the previous integral translates to:

PZm,T = BPB
m

Zm∫
0

D∫
0

[
1 − exp

(
− αB Im

0 sin(πt/D)e−Kz/PB
m

)]
dt dz, (3.17)

where we acknowledge biomass as being uniform in the mixed layer. To
solve this integral we first observe the following:

PZm,T =

Zm∫
0

PT dz =

∞∫
0

PT dz −
∞∫

Zm

PT dz. (3.18)

The first integral on the right hand side calculates watercolumn produc-
tion, whereas the second one calculates production of the layer below
Zm. Given that biomass is uniform, we observe that the second integral
can be interpreted as the production of an infinitely deep water column
forced with surface irradiance equal to:

I(Zm, t) = Im
0 e−KZm sin(πt/D), (3.19)

as shown in Figure 14. Noon irradiance at mixed layer depth equals
Im
0 e−KZm . If in place of Im

0 in the expression for surface irradiance (2.9) we
use Im

0 e−KZm , solution (3.15) yields daily production of the layer below
Zm:

∞∫
Zm

PT(z) dz =
BPB

mD
K

f (Im
∗ e−KZm), (3.20)

again shown in Figure 14, where in place of Im
∗ we now have Im

∗ e−KZm . By
inserting (3.15) and (3.20) into (3.18) we obtain:

PZm,T =
BPB

mD
K

[
f
(

Im
∗
)
− f

(
Im
∗ e−KZm

) ]
, (3.21)

as the solution for daily mixed layer production. This solution could have
also been found by direct integration of (3.17) following the procedure
used to solve for PZ,T.
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Figure 14: Mixed layer production PZm ,T depicted as the difference between watercol-
umn production PZ,T , forced by I(0, t) and the production of the portion of
the water column below the mixed layer, forced by I(0, t)e−KZm .

3.4 watercolumn production with a shifted gaussian biomass

profile

The previously presented solution for the normalized production profile
(2.33) can be used to solve integral (3.1) in a more general case when the
biomass profile is described by the shifted Gaussian function (2.45). The
contribution to watercolumn production from the constant term in the
Gaussian B0 is given by (3.15). Therefore, only the contribution from the
vertically dependent term has to be found.
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Following (3.4) watercolumn production equals the product of the
biomass profile and the normalized production profile. Acknowledging
the shifted Gasussian (2.45) in place of B(z), we are interested in the
solution of the following integral:

PZ,T =

∞∫
0

[
B0 +

h
σ
√

2π
exp

(
− (z − zm)2

2σ2

)]
PB

mD fz
(

Im
∗ e−Kz)dz. (3.22)

The contribution to watercolumn production from the uniform biomass
term B0 is already known, namely (3.15), therefore:

PZ,T =
B0PB

mD
K

f (Im
∗ ) +

∞∫
0

h
σ
√

2π
exp

(
− (z − zm)2

2σ2

)
PB

mD fz
(

Im
∗ e−Kz)dz.

(3.23)
We label the integral on the right hand side as:

∆PZ,T =
PB

mDh
σ
√

2π

∞∫
0

exp
(
− (z − zm)2

2σ2

)
fz
(

Im
∗ e−Kz)dz, (3.24)

and it gives the contribution to watercolumn production due to the
non-uniformity of the Gaussian profile. For notational simplicity, the fz

function (2.32) will be written as:

fz

(
Im
∗ e−Kz

)
=

∞

∑
n=1

M(n) e−(2n−1)Kz −
∞

∑
n=1

N(n) e−2nKz, (3.25)

where M(n) and N(n) contain the terms that do not depend on z. With
this notation, the previous integral becomes:

∆PZ,T =
PB

mDh
σ
√

2π

∞∫
0

exp
(
− (z − zm)2

2σ2

)
×

[
∞

∑
n=1

M(n) e−(2n−1)Kz −
∞

∑
n=1

N(n) e−2nKz

]
dz.

(3.26)
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In the obtained expression the sum and the integral can change places:

∆PZ,T = PB
mD

h
σ
√

2π

[
∞

∑
n=1

M(n)
∞∫

0

exp
(
− (z − zm)2

2σ2 − (2n − 1)Kz
)

dz

−
∞

∑
n=1

N(n)
∞∫

0

exp
(
− (z − zm)2

2σ2 − 2nKz
)

dz

]
.

(3.27)

The same form of the integral appears in both terms, with a minor
difference only in the 2n term in the place of 2n − 1 term in the second
integral. We will first demonstrate how to solve this integral in case of
odd integers, namely:

∞∫
0

exp
(
− (z − zm)2

2σ2 − (2n − 1)Kz
)

dz. (3.28)

As a starting point we rewrite the argument of the exponential function
into the following form:

− (z − zm)2

2σ2 − (2n − 1)Kz = − 1
2σ2 (z

2 − 2(zm − (2n − 1)σ2K)z + z2
m).
(3.29)

We then introduce the following label:

zm − (2n − 1)σ2K = z2n−1, (3.30)

and after some algebra obtain:

− (z − zm)2

2σ2 − (2n − 1)Kz = − 1
2σ2 (z

2 − 2z2n−1z + z2
m)

= − 1
2σ2 (z

2 − 2z2n−1z + z2
2n−1 − z2

2n−1 + z2
m)

= − 1
2σ2 (z

2 − 2z2n−1z + z2
2n−1) +

1
2σ2 (z

2
2n−1 − z2

m)

= − 1
2σ2 (z − z2n−1)

2 +
1

2σ2 (z
2
2n−1 − z2

m).

(3.31)
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Inserting this expression back into (3.28) yields:

∞∫
0

exp
(
− (z − zm)2

2σ2 − (2n − 1)Kz
)

dz =

exp

(
z2

2n−1 − z2
m

2σ2

) ∞∫
0

exp
(
− (z − z2n−1)

2

2σ2

)
dz.

(3.32)

Employing the following change of variables:

x =
z − z2n−1√

2σ
, (3.33)

the integral on the right hand side becomes:

∞∫
0

exp
(
− (z − z2n−1)

2

2σ2

)
dz =

√
2σ

∞∫
z2n−1

exp(−x2)dx. (3.34)

Now again, the integral on the right hand side of this expression can be
split into two integrals:

∞∫
z2n−1

exp(−x2)dx =

0∫
z2n−1

exp(−x2)dx +

∞∫
0

exp(−x2)dx, (3.35)

The solutions to these integrals are given by the error function Φ(x).
Finally the solution to (3.34) is:

∞∫
0

exp
(
− (z − z2n−1)

2

2σ2

)
dz = σ

√
π

2

(
1 + Φ

(
z2n−1√

2σ

))
. (3.36)

The solution for even integers is identical with the only difference that
2n appears in the place of 2n − 1.
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At last the overall solution to (3.27) is:

∆PZ,T =PB
mD

h
2
×[

∞

∑
n=1

exp
(

z2
2n−1 − z2

m

2σ2

)
2 (Im

∗ )
2n−1

π (2n − 1)!
(2n − 2)!!
(2n − 1)!!

(
1 + Φ

(
z2n−1√

2σ

))

−
∞

∑
n=1

exp
(

z2
2n − z2

m
2σ2

)
(Im

∗ )
2n

(2n)!
(2n − 1)!!
(2n)!!

(
1 + Φ

(
z2n√

2σ

)) ]
,

(3.37)

where the ∆PZ,T depends explicitly on the values of h, zm, σ, αB, PB
m, Im

0
and D. The derived mathematical expression gives the quantity of carbon
assimilated during one day per meter squared of the ocean surface, by
phytoplankton distributed vertically according to the shifted Gaussian
function (2.45), shown in Figure 9.

The shifted Gaussian is flexible enough to describe various features
in the measured chlorophyll profiles and therefore this solution covers
a wide range of situations encountered in the field. That flexibility is
achieved by altering the parameters of the function, namely: B0, zm, σ

and h. The disadvantage is that in addition to the six basic quantities:
αB, PB

m, B0, Im
0 , D and K, which appear in the canonical solution, the

solution for the shifted Gaussian has three more: zm, σ and h. To apply
the solution, the values of these quantities need to be specified.

The solution was derived with the help of the solution for the nomi-
nalized production profile (2.33), which reduced (3.1), an integral over
time and depth, to an integral over depth alone. This enabled the vertical
integration of (3.22) to be carried out. However, there is a deeper connec-
tion between the analytical solution for watercolumn production with
uniform biomass (3.15) and the production profile (2.33), which makes
this possible. We now explore this connection and provide another way
to derive the solution for the production profile, which will subsequently
be used to derive a general solution for watercolumn production.
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3.5 alternative derivation of the production profile

We begin by considering daily production in the layer extending from
Z1 to Z2, such that Z1 < Z2, assuming uniform biomass (Figure 15).
According to the notation used thus far, the production of an arbitrary
layer that extends between depths Z1 and Z2 is equal to:

PZ1,Z2,T =

Z2∫
Z1

PT(z)dz =

∞∫
Z1

PT(z)dz −
∞∫

Z2

PT(z)dz. (3.38)

Following a similar reasoning to the one presented in the derivation of
the solution for mixed layer production, we first observe that light at
depth Zi equals I(Zi, t) = Im

0 e−KZi sin(πt/D). Therefore, if in place of
Zm in expression (3.20) we use Zi, the solution still holds and we have:

∞∫
Zi

PT(z) dz =
BPB

mD
K

f (Im
∗ e−KZi), (3.39)

where the f (Im
∗ e−Kz) reads:

f (Im
∗ e−Kz) =

∞

∑
n=1

2
(

Im
∗ e−Kz)2n−1

π (2n − 1) (2n − 1)!
(2n − 2)!!
(2n − 1)!!

−
∞

∑
n=1

(
Im
∗ e−Kz)2n

2n (2n)!
(2n − 1)!!
(2n)!!

,

(3.40)

and should not be confused with the fz function from the solution for
daily normalized production (2.32). By inserting (3.39) into (3.38) we get:

PZ1,Z2,T =
BPB

mD
K

[
f
(

Im
∗ e−KZ1

)
− f

(
Im
∗ e−KZ2

) ]
, (3.41)

According to expression (3.41), the solution for production of an arbitrary
layer is equal to the production below depth Z1 minus the production
below depth Z2. It is easy to check that in the case of Z1 = 0 and Z2 = ∞,
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I(0,t)e-KZi

Z2

Z1

Zi

I(0,t)

P  ,   ,TZ2Z1

z 

0

z 

0
P (z)TP (z)T

Figure 15: Production of a finite layer, from Z1 to Z2, depicted as the difference between
watercolumn production below Z1, forced by I(0, t)e−KZ1 and the production
of the portion of the water column below Z2, forced by I(0, t)e−KZ2

from (3.41) we get (3.15). Subsequently, by relabelling the depths Z1 and
Z2 as:

∆Z = Z2 − Z1, z = Z1, (3.42)

we get:

Pz,z+∆Z,T =
BPB

mD
K

[
f
(

Im
∗ e−Kz)− f

(
Im
∗ e−K(z+∆Z))]. (3.43)

This expression gives the production in the layer extending from z to
z + ∆Z (Figure 16).
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Dividing by the layer thickness gives the average layer production per
unit volume: where B is the uniform biomass in the layer. Since the
biomass is uniform, the entire expression divided by B gives the average
normalized production per unit volume:

⟨PB
T ⟩ =

PB
mD
K

[
f
(

Im
∗ e−Kz)− f

(
Im
∗ e−K(z+∆Z))

∆Z

]
. (3.44)

Production of each layer can be calculated separately and the biomass can
vary between layers. For the accuracy of this solution, it is not necessary
for the biomass to be equal in each layer. In the limit of ∆Z → 0, average
normalized production ⟨PB

T ⟩ becomes PB
T (z) (Figure 16) and the previous

expression becomes:

PB
T (z) = −PB

mD
K

lim
∆Z→0

f
(

Im
∗ e−K(z+∆Z))− f

(
Im
∗ e−Kz)

∆Z
, (3.45)

where the negative sign is simply extracted from the expression under the
limit. The limit in the previous expression corresponds to the z derivative
of the f

(
Im
∗ e−Kz) function (3.40):

PB
T (z) = −PB

mD
K

d
dz

f
(

Im
∗ e−Kz). (3.46)

Multiplying 1/K and d f / dz we define fz
(

Im
∗ e−Kz) as:

fz
(

Im
∗ e−Kz) = − 1

K
d
dz

f
(

Im
∗ e−Kz). (3.47)

With this definition, expression (3.46) becomes:

PB
T (z) = PB

mD fz
(

Im
∗ e−Kz), (3.48)

where fz
(

Im
∗ e−Kz) is obtained by differentiating (3.40) by z and dividing

by K. By comparison with (2.33) we observe the two expressions are
identical. Therefore, a mathematical relation existis between the f func-
tion (3.40) and the fz function (2.32). Historically, this was the original
derivation of the fz function [23], hence the z in the subscript.
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00

P  ,   ,TZ2Z1

Z2Z2
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z z 

B  B(z) PT(z)

Figure 16: Illustration of the main idea in the alternative derivation of the production
profile. The left image shows the biomass profiles: uniform (blue line) and
non-uniform (red curve). The right figure shows the production profiles:
the production profile for the uniform biomass profile (blue curve) and the
production profile for the non-uniform biomass profile (red curve).

3.6 general solution

The derived relation between the f and the fz functions enables us to find
a general solution for watercolumn production in case of an arbitrary
biomass profile, under the assumption that B(z) is a continuous function.
We start with (3.4) which we restate here for clarity:

PZ,T =

∞∫
0

B(z)PB
T (z)dz. (3.49)
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By inserting (3.46) we obtain the following:

PZ,T = −PB
mD
K

∞∫
0

B(z)
d
dz

f
(

Im
∗ e−Kz)dz. (3.50)

Further on, proceeding with integration by parts yields:

PZ,T =
PB

mD
K

(
B(0) f (Im

∗ ) +

∞∫
0

dB(z)
dz

f
(

Im
∗ e−Kz)dz

)
, (3.51)

where the following condition was used:

B(∞) f (Im
∗ e−K∞) = 0. (3.52)

The derived expression (3.51) is a formal relation between the canonical
solution (3.15) and any solution for watercolumn production with strat-
ified biomass. The effect of surface biomass B(0) on the magnitude of
watercolumn production PZ,T is clearly emphasised: surface biomass is a
leading factor in PZ,T. The significance of this result is emphasized given
that surface biomass is readily accessible to satellite measurement. There-
fore, if the remotely-sensed surface biomass is precise, and assuming the
remaining parameters of the model are characteristic of the ocean region
in question, the error in the estimated watercolumn production arises
solely as a consequence of the error in estimating the biomass profile,
which is inaccessible to remote sensing and has to be assigned based on
prior information [32].

As for the second term, it gives the contribution arising from the
shape of the biomass profile. For an increase in biomass with depth,
dB(z)/ dz > 0, this contribution is positive. For a decline in biomass
with depth, dB(z)/ dz < 0, this contribution is negative. The differential
change in biomass with depth dB(z)/ dz is multiplied by the f (Im

∗ e−Kz)

function. The product dB(z) f (Im
∗ e−Kz) gives the production that would

occur below depth z in case the biomass below z were equal to dB(z).
Total contribution from all infinitesimal changes in B(z) is taken into
account by the integral on the right hand side of (3.51). With increase in
depth, the contribution from biomass variation decreases, simply because
production declines with increasing depth (2.38).
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3.7 biooptical feedback

Thus far in calculating watercolumn production we have treated K as a
constant independent of B. We now explore the effect of acknowledging
K as a function of B. In this case, biomass too causes light attenuation.
We only consider the case of uniform biomass and model the attenuation
coefficient as a simple linear relation (2.11), restated here:

K = Kw + kbB. (3.53)

When the biomass is vertically uniform, solution (3.15) also applies to the
case of the attenuation coefficient given by the previous expression and
we have:

PZ,T =
B

Kw + kbB
PB

mD f (Im
∗ ). (3.54)

Now the dependence of PZ,T on biomass is not linear, which is a conse-
quence of light attenuation caused by biomass. To analyse the depen-
dence of PZ,T on biomass, we simply take the derivative of the resulting
expression with respect to biomass:

∂PZ,T

∂B
=

Kw

(Kw + kbB)2 PB
mD f (Im

∗ ). (3.55)

If there is an upper limit on watercolumn production, with respect to
biomass, the derivative of PZ,T should vanish for high values of biomass.
That this is indeed the case can be verified easily by calculating the limit
of the previous expression in the case when biomass tends to infinity:

lim
B→∞

∂PZ,T

∂B
= 0. (3.56)

The obtained expression shows that the increase in production does not
always follow linearly the increase in biomass, but production becomes
limited. With the growth of biomass, light attenuation increases and
the biomass itself prevents higher levels of production. At high biomass
values, the attenuation coefficient can be written as [36]:

K ≈ kbB. (3.57)
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The upper limit of water column production in this case reads:

PZ,T = PB
mD f (Im

∗ ) lim
B→∞

(
B

Kw + kbB

)
=

PB
mD
kb

f (Im
∗ ). (3.58)

Now the phytoplankton itself significantly limits the penetration of light
through the water column and consequently limits the production of the
water column. This effect is expressed only for high values of biomass,
more precisely high concentrations of phytoplankton. At low phytoplank-
ton concentrations, watercolumn production PZ,T is well approximated
using only Kw for the attenuation coefficient. With increasing biomass,
production increases, but so does the attenuation coefficient Kw + kbB.
Finally, the influence of light attenuation caused by a high concentration
of phytoplankton dominates and the upper limit of production equals
(3.58).

3.8 relation to growth models

In the case of a mixed layer, an exact expression relating biomass accu-
mulation and water column production can be derived. Let us consider a
mixed layer of depth Zm. To simplify notation we introduce the following
label for the total biomass in the mixed layer (mg Chl m−2):

BZm(t) =
Zm∫
0

B(z, t)dz. (3.59)

At initial time we assume biomass in the mixed layer as uniform:

BZm(0) = B0Zm. (3.60)

Let us assume that mixed layer production PZm(t), given as:

PZm(t) =
Zm∫
0

P(z, t)dz, (3.61)

leads to newly synthesized biomass. Let us also assume that the newly
synthesized mixed layer biomass at time t is redistributed through the



3.8 relation to growth models 61

mixed layer during a time interval ∆t, so that no stratification in biomass
occurs at t + ∆t. Mixed layer biomass at time t + ∆t is now:

BZm(t + ∆t) = BZm(t) +
1
χ

PZm(t)∆t. (3.62)

Due to vertical uniformity in biomass, instantaneous mixed layer produc-
tion equals:

PZm(t) =
1

Zm
BZm(t)PB

Zm
(t), (3.63)

so that for biomass at time t + ∆t we have:

BZm(t + ∆t) = BZm(t) +
1

χZm
PB

Zm
(t)BZm(t)∆t. (3.64)

In the limit of ∆t → 0, implying instantaneous mixing of newly synthe-
sized biomass, the previous equation becomes:

∂

∂t
BZm(t) =

1
χZm

PB
Zm
(t)BZm(t). (3.65)

The solution to this equation at time D is:

BZm(D) = BZm(0) exp

(
1

χZm

D∫
0

PB
Zm
(t)dt

)
. (3.66)

The integral in the exponential function is given in (3.21):

D∫
0

PB
Zm
(t)dt =

PB
mD
K

[
f
(

Im
∗
)
− f

(
Im
∗ e−KZm

) ]
. (3.67)

Taking into account the initial condition (3.60) along with the previous
expression, the solution to (3.65) reads:

BZm(D) = B0Zm exp
[

PB
mD

χZmK

[
f (Im

∗ )− f (Im
∗ e−KZm)

] ]
. (3.68)
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Mixed layer production is now the difference between BZ(D) and BZ(0)
multiplied by χ:

PZm,T = χB0Zm

[
exp

[
PB

mD
χZmK

(
f (Im

∗ )− f (Im
∗ e−KZm)

) ]
− 1

]
. (3.69)

The implicit assumption worth stating here is that all production goes to
newly sensitized biomass. If this were not the case an additional loss term
should be added to the equation, which will be done if later chapters.
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3.9 problems

1. Build a numerical model for calculating watercolumn production
(3.1). First, split the water column into layers, each of ∆z depth. Second,
split daylength D into discrete time intervals, each of ∆t duration. Use
all the other assumptions as in the analytical model. Now watercolumn
production is given as:

PZm,T =
N

∑
n=1

J

∑
j=1

Pj
n∆t∆z, (3.70)

where we have labelled production at depth zn and time tj as Pt
n:

Pt
n = P(zn, tj) = B(n∆z)

[
1 − exp

(
− αB Im

0 sin(π j∆t/D)e−Kn∆z
/

PB
m

)]
,

(3.71)
where zn = n∆z, with n = 1, 2, ..., N and tj = j∆t, with j = 1, 2, ..., J. Test
the numerical model by calculating watercolumn production for uniform
biomass. Plot the numerical solution as a function of dimensionless
irradiance Im

∗ in the same manner as the canonical solution shown in
Figure 12.

2. Use the model from the previous problem with different photo-
synthesis irradiance functions (1.27, 1.28, 1.29, 1.30, 1.31). Set biomass
as uniform and plot the obtained numerical solutions together with the
canonical solution. Calculate the difference between the canonical solu-
tion and the numerical ones.

3. Use the model from the first problem to calculate wattercolumn
production with the shifted Gaussian biomass profile (2.45). Fix all the
Gaussian parameters apart from the depth of the maximum zm, which
you vary. Calculate watercolumn production as a function of zm, by
varying it from zm = 0 to zm = 200.



64 watercolumn production

4. Use the model from the first problem with the shifted Sigmoid
biomass profile (2.48). Set the mid point zm equal to the mixed layer
depth Zm and explore the behaviour of the numerical solution for wa-
tercolumn production by varying σ. Observe the model behaviour as
σ → ∞. Compare the numerical solution to the analytical solution for
mixed layer production (3.21) with a fixed zm = Zm and a sequence of
values for σ.

5. Plot the solution for mixed layer production (3.21) as a function
of mixed layer depth. Calculate the average mixed layer production
PZm,T/Zm and plot it, also as a function of mixed layer depth. Discuss the
difference between the two plots.

6. Calculate watercolumn production by acknowledging the depen-
dence of the attenuation coefficient on biomass in the light penetration
model (2.11). Employ uniform biomass, the shifted Gaussian biomass
profile and the shifted Sigmoid biomass profile. Calculate production by
varying B0 from B0 = 0.01 mg Chl m−3 to B0 = 10 mg Chl m−3.

7. Build a numerical model that solves equation (3.65). Explore how the
biomass evolves over time with two models for the attenuation coefficient,
first K = Kw and second K = Kw + kBB(t). Plot biomass as a function of
time for both cases.
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M AT R I X M O D E L

The previously presented model of primary production and analytical
solutions form a closed whole. With the knowledge of the values of
the model parameters, daily production profile and daily watercolumn
production can be calculated. The common limitation of the analytical
solutions is the simple treatment of surface irradiance and the vertical
uniformity of photosynthetic parameters, which somewhat limits the
range of applicability of the model.

Also, the solutions are only valid for the exponential photosynthesis
irradiance function [44, 31]. Other functions are also used in practice, but
no analytical solutions for the daily production profile or daily watercol-
umn production are known for them. Therefore, the application of the
model in more complex situations and with other photosynthesis irradi-
ance functions is naturally realized by numerical methods. This chapter
describes the discretization of the analytical model and the development
of the matrix formalism for calculating the daily production profile and
daily watercolumn production.

In a numerical model continuous time and continuous space become
discrete. Consequently, integrals become sums and derivatives are ex-
pressed algebraically. In matrix notation these sums become matrix
products, which are simpler to handle, both mathematically and numeri-
cally when implementing the model. The matrix equations are concise
and the notation elegantly packs rather long algebraic expressions into
short ones. This adds clarity to the model structure. It also simplifies
model implementation.

65
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4.1 discretization of the analytical model

Let the numerical model have N vertical levels at depths zn, indexed by
n, and J time intervals indexed by j. The depth z is positive downwards
and n increases with depth so that:

zn < zn+1, (4.1)

holds, as shown in Figure 17, with n = 1, 2, ..., N. The water column is
of depth Z, such that the depth interval between two consecutive model
levels is equal to:

∆z =
Z
N

. (4.2)

The first model level is set to:

z1 =
∆z
2

. (4.3)

Each time interval is equal to:

∆t =
D
J

, (4.4)

such that discrete time tj is defined as:

tj = j∆t, (4.5)

with j = 1, 2, ..., J. The described spatial and temporal discretization
enables us to rewrite the analytical expressions for the model in numer-
ical form. We begin with the discretization of the expression for daily
production (2.5) at depth zn:

PT(zn) ≈ B(zn)
J

∑
j=1

pB(I(zn, tj)
)
∆t. (4.6)

The right hand side of this expression uses biomass at depth zn (Figure 17)
and approximates daily production as a sum, rather than as an integral,
like in (2.5). This sum can be denoted by Pn,T. In the limit of ∆t going to
zero, we have:

lim
∆t→0

Pn,T = PT(zn). (4.7)
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n +1
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0

Figure 17: Vertical discretization of the biomass profile in the vicinity of depth
zn. The distance between two arbitrary vertical levels ∆z need not be
equal. Biomass B(zn) (red dot) represents the biomass for the entire
∆z layer centred around zn (blue line). The same holds for the vertical
discretization of the production profile (not shown).

The sum on the right side of expression (4.6) approximates daily normal-
ized production PB

T (zn) and is denoted here by PB
n,T:

PB
n,T =

J

∑
j=1

pB(I(zn, tj)
)
∆t. (4.8)

In this case also, in the limit when ∆t tends to zero, it holds:

lim
∆t→0

PB
n,T = PB

T (zn). (4.9)
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Therefore, both numerical expressions converge to the analytical ones in
the limit of small ∆t, as expected. Hence, the accuracy of the numerical
calculations for a given depth zn is dictated, and can be improved by,
decreasing ∆t.

Next, to numerically calculate watercolumn production PZ,T, expres-
sion (3.1) needs to be discretized. Its discretization reads:

PZ,T ≈
N

∑
n=1

B(zn)

[
J

∑
j=1

pB(I(zn, tj)
)
∆t

]
∆z. (4.10)

The double sum on the right hand side of the expression (4.10) approxi-
mates daily watercolumn production PZ,T. In the limit when both ∆t and
∆z tend to zero, (4.10) goes to (3.1).

The model can also be amended such that the vertical intervals are not
equal. The reason for doing this is the fact that in field work primary
production measurements are often not distributed at equal depths from
each other. Therefore, a given measurement is representative of a layer
extending from halfway between the level, above the given level, to
halfway between the given level, to the level below. Also, when the
model is used to compare measurements with model predictions, setting
model depths equal to the measurement depths is preferable. In this case
each level zn is assigned a depth interval ∆zn:

∆zn =
zn+1 − zn−1

2
, (4.11)

for n = 2, 3, ..., N − 1. The first vertical increment is set to:

∆z1 =
z1 + z2

2
, (4.12)

and the last one to:
∆zN = zN − zN−1. (4.13)

Having described the discretization of the analytical model, we now
proceed to present the matrix formalism for calculating the daily produc-
tion profile and watercolumn production. The formalism holds for both
arbitrary and uniform vertical increments, but for pedagogical reasons
will be presented with with uniform vertical increments.
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4.2 matrix formalism

With a few additional definitions, the previous sums can be concisely writ-
ten using matrix formalism. We begin by first observing that irradiance
at the depth zn at the time tj can be denoted simply as:

Inj = I
(
zn, tj

)
. (4.14)

The irradiance matrix I (dimension N × J) is defined as a matrix whose
elements are Inj (Figure 18). Therefore, irradiance conditions of the entire
model are contained in the irradiance matrix:

I =



I11 I12 . . . I1j . . . I1J

I21 I22 . . . I2j . . . I2J

...
...

. . .
...

. . .
...

In1 In2 . . . Inj . . . InJ

...
...

. . .
...

. . .
...

IN1 IN2 . . . INj . . . INJ


. (4.15)

Each row of the irradiance matrix is equal to the time series of irradiance
at depth zn, while each column is equal to the vertical profile of irradiance
at time tj. Elements of the irradiance matrix can be calculated with any
optical model. For example, by using (2.13) we have:

Inj = I0j exp (−Kzn) , (4.16)

where the surface irradiance now is given as:

I0j = I0
(
tj
)

. (4.17)

Unlike the idealized surface irradiance model (2.9), surface irradiance
here I0j can now be any function, even discontinuous.

Next, we observe that when an individual element of the irradiance
matrix Inj is taken as an argument of the photosynthesis irradiance
function we obtain normalized production at depth zn and time tj, which
we label pB

nj:
pB

nj = pB (Inj
)

. (4.18)
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n +1
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0 tj +1j1j

n jI

Figure 18: Sketch of the irradiance matrix I which collects irradiance values at
depths zn and times tj, such that its elements are Inj = I

(
zn, tj

)
(red

point). In the (z, t) plane the blue line equals ∆z and the grey line
equals ∆t.

Subsequently, normalized production matrix PB (dimension N × J) is
defined as a matrix whose elements are pB

nj (Figure 19):

PB =



pB
11 pB

12 . . . pB
1j . . . pB

1J

pB
21 pB

22 . . . pB
2j . . . pB

2J

...
...

. . .
...

. . .
...

pB
n1 pB

n2 . . . pB
nj . . . pB

nJ

...
...

. . .
...

. . .
...

pB
N1 pB

N2 . . . pB
Nj . . . pB

NJ


. (4.19)
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n +1
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0 tj +1j1j
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Figure 19: Sketch of the normalized production matrix PB which collects normal-
ized production values at depth zn and time tj, such that its elements
are pB

nj = pB(Inj). In the (z, t) plane the blue line equals ∆z and the
orange line equals ∆t.

Each row of this matrix is equal to the time series of normalized pro-
duction at depth zn, while each column is equal to the vertical profile of
normalized production at time tj. To calculate production at depth zn and
time tj we simply multiply each row of this matrix by the corresponding
biomass at that depth:

P(zn, tj) = B (zn) pB (Inj
)

, (4.20)

This expression is a discrete version of expression (2.3), now with biomass
independent of time. To write the previous expression in matrix form
we define the biomass matrix B (dimension N × N) as a diagonal matrix
whose elements are equal to:

bnm = δnmB(zn), (4.21)
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where δnm is the Kronecker delta symbol. Written out in matrix notation
the biomass matrix B reads:

B =


B(z1) 0 . . . 0

0 B(z2) . . . 0
...

...
. . .

...

0 0 . . . B(zN)

 . (4.22)

Now, in analogy to how production at depth is calculated by multiplying
biomass with normalized production, we extend the concept to matrix
form in the following manner. We recognize that the matrix product
of the biomass matrix with the normalized production matrix gives the
production matrix P (dimension N × J) :

P = BPB, (4.23)

whose elements are:
pnj = B(zn)pB(Inj). (4.24)

Each row of the production matrix is equal to the time series of produc-
tion at depth zn, while each column is equal to the vertical profile of
production at time tj. Therefore, the production matrix contains all the
information needed to calculate watercolumn production and the daily
production profile numerically. To carry out these calculations in matrix
form we proceed to define another two matrices.

By defining the time matrix τ (dimension J × 1), which has all its
elements equal and given as:

τj = ∆t, (4.25)

time integration it is simply carried out as:

pT = Pτ, (4.26)

and thus a discrete daily production profile pT is obtained (dimension
N × 1), whose elements are equal to (4.6). The discrete normalized daily
production profile pB

T (dimension N × 1) is obtained simply as:

pB
T = PBτ, (4.27)
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whose elements are equal to (4.8). Having a model for the discrete
production profile, we can now move forward and calculate watercolumn
production PZ,T in line with the double sum (4.10). To achieve this,
vertical integration of pT is required. The vertical increments matrix ζ

(dimension 1 × N) is defined as a matrix whose elements are equal to the
vertical increment ∆z around the vertical level zn, as defined in (4.2):

ζn = ∆z. (4.28)

For ζ the following holds:
N

∑
n=1

ζn = Z, (4.29)

where Z is the depth of the water column. Finally, daily watercolumn
production is now given as:

PZ,T = ζPτ. (4.30)

The given expression is analogous to expression (3.1) and is equal to its
numerical counterpart (4.10). Expressions (4.26) and (4.30) are two funda-
mental relations of the matrix model for daily primary production. The
two can be combined into the following expression for daily watercolumn
production:

PZ,T = ζpT. (4.31)

Written in this form it is obvious that the vertical increments matrix ζ is
in fact a row vector. It enables vertical summation of the daily production
profile pT to be carried out simply as a matrix product of ζ with it. In
the same manner the time matrix τ is a column vector, which enables
the summation over time to be carried out simply as a matrix product in
(4.26).

All of the above matrix expression are mathematically equivalent to the
numerical form of the basic integrals, such as (2.5) and (3.1), in the limits
of small ∆t and ∆zn. To demonstrate in more detail that these matrix
expressions translate to the their numerical counterparts, (4.6) and (4.10),
we now present a detailed derivation of the matrix model.
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4.3 derivation of the matrix model

The expression for PB
n,T (4.8) can be written as a scalar product of two

vectors:

PB
n,T =

[
pB

n1 pB
n2 . . . pB

nT
] [

∆t ∆t . . . ∆t
]T

, (4.32)

where:
pB

nj = pB(I(zn, tj)
)
. (4.33)

The given expression is valid for each vertical level zn. Collecting pB
nj

elements into a matrix yields:

PB
1,T

PB
2,T

...

PB
n,T

...

PB
N,T


=



pB
11 pB

12 . . . pB
1j . . . pB

1T

pB
21 pB

22 . . . pB
2j . . . pB

2T

...
...

. . .
...

. . .
...

pB
n1 pB

n2 . . . pB
nj . . . pB

nT

...
...

. . .
...

. . .
...

pB
N1 pB

N2 . . . pB
Nj . . . pB

NT





∆t

∆t

...

∆t

...

∆t


. (4.34)

The given expression can be abbreviated as:

pB
T = PBτ, (4.35)

where pB
T is the normalized discrete production profile, τ is the time

matrix, and PB is the normalized production matrix. Further, using (4.8),
the expression (4.10) can be written as:

PZ,T ≈
N

∑
n=1

B(zn)PB
n,T∆z, (4.36)

which is equal to the following dot product:

PZ,T =
[
∆z ∆z . . . ∆z

] [
B(z1)PB

n,T B(z2)PB
n,T . . . B(zN)PB

N,T

]T
.

(4.37)
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The elements of the rightmost vector in the given expression correspond
to the daily production at the vertical level zn:

Pn,T = B(zn)PB
n,T. (4.38)

Using the biomass matrix B, defined in the previous subsection as a diag-
onal matrix with biomass values on the diagonal, the previous expression
can be written for each vertical level and summarized as:

pT = BpB
T, (4.39)

where pT is the discrete production profile. Inserting (4.35) for pB
T yields:

pT = BPBτ. (4.40)

The given expression corresponds to the right vector in expression (4.37),
while the left vector in expression (4.37) corresponds to the row matrix of
vertical increments ζ. Now, daily watercolumn production as expressed
by (4.37) can be written in matrix form as:

PZ,T = ζBPBτ. (4.41)

Expanded, the matrix product BPB reads:

BPB =



B(z1) 0 . . . 0

0 B(z2) . . . 0

...
...

. . .
...

0 0 . . . B(zN)





pB
11 pB

12 . . . pB
1T

pB
21 pB

22 . . . pB
2T

...
...

. . .
...

pB
N1 pB

N2 . . . pB
NT


(4.42)

Next, BPB is denoted by P, which is recognized as the production matrix:

BPB = P. (4.43)

Expanded the production matrix reads:

P =



p11 p12 . . . p1T

p21 p22 . . . p2T

...
...

. . .
...

pN1 pN2 . . . pNT


. (4.44)
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Taking all of this into account we get the expression for daily watercolumn
production as:

PZ,T = ζPτ. (4.45)

Since according to (4.33) each element of the normalized production
matrix is obtained using pB(I), it is necessary to know the irradiance
at the vertical level zn at the time instant tj, that is I(zn, j∆t). Denoting
I(zn, j∆t) with Inj and collecting all elements into a matrix of the same
size as PB, the irradiance matrix I emerges. Subsequently, treating pB[·] as
an elementwise operator acting on each element of the irradiance matrix,
in accordance with (4.18), we can write the following:

PB = pB[I], (4.46)

such that (4.45) becomes:

PZ,T = ζBpB[I]τ. (4.47)

Using the same notation the expression for the discrete production profile
(4.40) can be written as:

pT = BpB[I]τ. (4.48)

Stated in this form the expression highlights the central role of the
irradiance matrix in the model. We now look in more detail how to
calculate its elements.

4.4 calculating the irradiance matrix

We have observed in the prior section that the irradiance matrix plays a
central role in the matrix model. We now emphasise in more detail how
to calculate its elements. In general, any optical model can be used to do
this, but for simplicity we will limit ourselves here to the already used
model (2.13), according to which the elements of the irradiance matrix
are given as:

Inj = I0j exp (−Kzn) . (4.49)

To implement it, the model requires information on surface irradiance:

I0j = I0
(
tj
)

. (4.50)
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Kn-1

Kn+1
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Inj

I

z 

I(n-1)j

I(n+1)j

I0j

Figure 20: Calculation of irradiance at level zn by knowing irradiance at the level
above zn−1 for vertically dependent attenuation coefficient. Irradiance at zn
is calculated by first attenuating the irradiance at the level above I(zn−1)
over depth ∆z/2 with Kn−1 and then subsequently attenuating the obtained
irradiance still further over ∆z/2 with Kn.

It treats the attenuation coefficient as a constant, whereas in general the
attenuation coefficient is not constant, but changes with depth. To take
this into account, a simple remedy is to assign different values of the
attenuation coefficient for each model layer, such that K becomes Kn:

Kn = K(zn). (4.51)

Next, we recognize that irradiance at a given model level can be calculated
from knowing the irradiance at the level above and the attenuation
coefficient in between. If to each level a Kn value is assigned (Figure 20)
it is then valid in the depth range of that level, which is ∆zn as defined
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in (4.2). Therefore, to get at irradiance at the level zn we need irradiance
value at the top of that layer, which is at zn − ∆z/2 and is given as:

I
(

zn −
∆z
2

)
= I(n−1)j exp

(
−Kn−1

∆z
2

)
. (4.52)

Next, having irradiance at the top of the layer, it is straightforward to
calculate it at the depth zn, by simply attenuating it with Kn for half a
layer depth:

Inj = I(n−1)j exp
(
−Kn−1

∆z
2

)
exp

(
−Kn

∆z
2

)
. (4.53)

In this manner irradiance at each level can be calculated and the irradiance
matrix values populated.

4.5 analogy amongst the models

To gain deeper insight into the mathematical structure of both the con-
tinuous and the matrix models we now employ the notion of the scalar
product of functions to highlight the mathematical symmetry amongst
the models. One form in which the watercolumn production integral
can be written is as the vertical integral of the production profile, which
itself is given as a product of the biomass profile and the normalized
production profile as PT(z) = B(z)PB

T (z), therefore we have:

PZ,T =

∞∫
0

B(z)PB
T (z)dz. (4.54)

Mathematically, the above integral is the inner product of the two func-
tions: B(z) and PB

T (z). In discrete form the approximation to this integral
reads:

PZ,T ≈
N

∑
n=1

B(zn)PB
T (zn)∆z. (4.55)

If we now treat B(zn) and PB
T (zn) as vectors in an N dimensional space,

we can consider the above sum as a scalar product of the two vectors,
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analogously to the just mentioned interpretation of (4.54). To unveil
where in the matrix model this analogy lies we consider equation (4.41),
which by using (4.35) we unpack here as:

PZ,T = ζBpT. (4.56)

The matrix product of ζ and B reads:

ζB =
[
B(z1)∆z B(z2)∆z . . . B(zN)∆z

]
. (4.57)

This is a row vector of the same size as pT and we label it as b, such that
elementwise we have:

bn = B(zn)∆z. (4.58)

Using b enables expression (4.56) to be rewritten as a scalar product of b
and pT:

PZ,T = bpT. (4.59)

By way of analogy this expression has the same mathematical structure
as (4.54). Namely, both expressions, (4.54) and (4.56), can be thought of
as inner products, with the difference that the first is an inner product
over a continuous variable z and the second one is an inner product over
a discrete space in which each dimension corresponds to a model depth
located at zn. In the limit of ever smaller depth intervals ∆z the two
expression should be equal to each other:

lim
∆z→0

bpT =

∞∫
0

B(z)PB
T (z)dz. (4.60)

Therefore, both models for watercolumn production can be thought of
in a similar fashion, as inner products, be it over a continuous space
(4.54), or over discrete space (4.56). The advantage of the matrix model
comes to the fore when using measured biomass profiles, or measured
surface irradiance. It is however, slightly more difficult to implement than
the analytical model in case the photosynthesis parameters are depth
dependent, which we now discuss.
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4.6 vertically dependent photosynthesis parameters

For calculating daily production at depth with vertically dependent photo-
synthesis parameters we have to first state the photosynthesis parameters
as functions of depth. For a depth dependent initial slope we have:

αB = αB(z), (4.61)

and for a depth dependent assimilation number we have:

PB
m = PB

m(z). (4.62)

As such it is simple to include it in the analytical model for the daily
production profile (2.34), by simply stating the parameters as functions
of depth:

PT(z) = B(z)PB
m(z)D fz

(
Im
∗ (z)e

−Kz), (4.63)

where now the dimensionless irradiance also becomes a function of
depth:

Im
∗ (z) =

αB(z)Im
0

PB
m(z)

. (4.64)

However, it is now more difficult to calculate daily watercolumn pro-
duction analytically. However, in the matrix model the procedure for
calculating watercolumn production is straightforward, but including
vertically dependent photosynthesis parameters is a bit more tricky and
can done in a number of ways.

The easiest way to proceed is to amend (4.48), the matrix model ana-
logue to (4.63), by taking into account the vertical dependence of photo-
synthesis parameters. Subsequently, we have pB[·] act on each row of the
normalized production matrix with different values of photosynthesis
parameters:

PB =
N

∑
n=1

pB
[
EI
∣∣ αB(zn), PB

m(zn)
]
, (4.65)

where E is a matrix with a single unit element on the diagonal in the row
corresponding to the model level n. In such a way E is used to select
each row of the irradiance matrix. This expression corresponds to:

pB
nj = pB

(
Inj
∣∣ αB(zn), PB

m(zn)
)

, (4.66)
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where we have used the notation from (1.20) to highlight the vertical
dependence of the photosynthesis parameters. In this manner each row
of the production matrix can have different values of photosynthesis
parameters. Whilst the construction of the normalized production matrix
PB, as stated in (4.65), takes a bit more effort, the remainder of the model
stays the same.
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4.7 problems

1. Build the irradiance matrix as defined in (4.16). Write a code which
plots the irradiance profile at a desired time step, corresponding to a
matrix column. Write a code which plots the irradiance time series at a
desired depth, corresponding to a matrix row. Finally plot the the entire
irradiance matrix. Observe how changing surface irradiance and the
attenuation coefficient changes the light field and the irradiance matrix.

2. Build a normalized production matrix by using the photosynthe-
sis irradiance function directly on the irradiance matrix (4.18). Write a
code which accepts various photosynthesis irradiance functions (1.27,
1.28, 1.29, 1.30, 1.31). Plot the the normalized production matrices and
the differences amongst each. Change the values of the photosynthesis
parameters to observe how the production matrix changes.

3. Write a code which builds the biomass matrix (4.2) with biomass
given by either the shifted Gaussian (2.45) of the shifted Sigmoid function
(2.48). Use the biomass matrix to calculate the production matrix as de-
fined in (4.23). Plot the the production matrix for different photosynthesis
irradiance functions (1.27, 1.28, 1.29, 1.30, 1.31).

4. Build the irradiance matrix by acknowledging the effect of biomass
on the underwater light field. Use this irradiance matrix to calculate the
production matrix. Alter the parameters of the biomass profile to observe
how the production matrix changes with the shape of the biomass profile.

5. Using the matrix model calculate the production profile (4.26) and
watercolumn production (4.30). Also implement the code using loops,
as in (4.6) and (3.1). Contrast the code with the code for the matrix model.
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6. Amend the irradiance model (4.53) to take into account non uniform
model level separations as stated in (4.11). Subsequently, write out the
matrix model equations given in section 5.3 now using non uniform
model level separations. Start with equation (4.37) and work your way
through to equation (4.45).

7. Build the normalized production matrix with depth dependent
photosynthesis parameters, as stated in (4.65), and use it to calculate the
daily production profile and daily watercolumn production. Study the
effect of using depth dependent photosynthesis parameters on both the
shape of the production profile and the magnitude of daily watercolumn
production.
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